Abstract. We study location of eigenvalues of one-dimensional discrete Schrödinger operators with complex ℓ p -potentials for 1 ≤ p ≤ ∞. In the case of ℓ 1 -potentials, the derived bounds are sharp and apply also to embedded eigenvalues.
Introduction and main result
Let H 0 be the discrete Laplacian acting on the Hilbert space ℓ 2 (Z) which is the bounded operator determined by the equation H 0 e n := e n−1 + e n+1 , ∀n ∈ Z, where {e n } n∈Z stands for the standard basis of ℓ 2 (Z). Further, to a given complex sequence υ = {υ n } n∈Z , we define the potential V as a diagonal operator V e n := υ n e n , ∀n ∈ Z.
The matrix representation of the discrete Schrödinger operator H V := H 0 + V is the doubly-infinite Jacobi matrix It is well known that the spectrum of the unperturbed operator H 0 is absolutely continuous and covers the interval [−2, 2] . If the potential V vanishes at infinity (i.e. υ n → 0 as n → ±∞), then V is compact and the essential spectrum of the perturbed operator H V = H 0 + V coincides with the interval [−2, 2]. Here we use any definition of the essential spectrum which is invariant under compact perturbations; see [13, Sec. IX.2] for details. The goal of the present paper is to investigate the location of the spectrum of H V with an ℓ p -potential for 1 ≤ p ≤ ∞. Our primary result concerns the location of eigenvalues of H V with an ℓ 1 -potential. In this case, the obtained bound is shown to be optimal and hold also for eigenvalues embedded in the essential spectrum of H V ; see Theorem 1. If the decay of the potential is slower, namely if v ∈ ℓ p (Z) for 1 < p ≤ ∞, we obtain bounds for the entire spectrum of H V ; see Theorem 2, which is our secondary result.
The main result for ℓ 1 -potentials reads as follows:
The bound in (1.1) is sharp in the following sense: To any non-real boundary point of the spectral enclosure (i.e. the set on the right-hand side of (1.1)), there exists an ℓ 1 -potential V so that this boundary point is an eigenvalue of the corresponding discrete Schrödinger operator H V ; see Sect. 4.
Since proving the existence of regions free of embedded eigenvalues is typically a difficult task, it is worth mentioning the following corollary of Theorem 1.
is free of embedded eigenvalues of H V .
Clearly, the geometry of the spectral enclosure (1.1) depends on the ℓ 1 -norm of the perturbation. If υ ℓ 1 (Z) < 2, the spectral enclosure consists of two connected components each containing either the point 2 or −2. If υ ℓ 1 (Z) ≥ 2, the spectral enclosure is a connected set containing the entire interval [−2, 2]. The set is always symmetric with respect to both the real and the imaginary axes; see Figure 1 . Our next result provides a spectral estimate in terms of the ℓ p -norm of the potential. In the sequel, for p ∈ (1, ∞], we denote by q ∈ [1, ∞) the corresponding Hölder exponent, i.e. q = p/(p − 1) if 1 < p < ∞ and q = 1 if p = ∞.
The strategy of the proof of Theorem 2 is inspired by the one of an analogous result presented in [8] . Notice the comparatively simpler form of the spectral enclosure from Theorem 1 in comparison with the one of Theorem 2. The spectral enclosure from (1.2) is a compact set which is symmetric with respect to both the real and the imaginary axes. However, in contrast to (1.1), it is always a connected set containing the entire interval [−2, 2]. Several plots of boundary curves of these sets for various choices of the parameters are given in the Appendix.
Eigenvalue bounds analogous to (1.1), (1.2) for Schrödinger operators with complex potentials in the continuous setting and related problems have been an attractive topic of mathematical research recently, see e.g. [1-3, 5-7, 9-12, 14, 16-29] and the references therein.
The outline of the paper is as follows. In Section 2, we establish a one-sided version of the conventional Birman-Schwinger principle for embedded eigenvalues. The proofs of the main results are given in Section 3. In Section 4, we discuss an example of the operator H V with a delta potential whose spectral problem is explicitly solvable and argue about the sharpness of the main result for ℓ 1 -potentials.
The Birman-Schwinger principle
The central role in our analysis is played by the Birman-Schwinger operator
where |V | 1/2 e n = |υ n |e n and V 1/2 e n = sgn(υ n ) |υ n |e n with the complex signum function sgn : C → C defined by
For λ ∈ C \ [−2, 2], the Birman-Schwinger operator is a bounded operator in ℓ 2 (Z) and its matrix elements read
Here the middle term corresponds to the matrix element of the resolvent of the discrete Laplace operator H 0 which is given by
where 0 < |k| < 1 and λ = k + k −1 , see [30, Chp. 1] . Here, it is often convenient to relate the spectral parameter λ with k by the Joukowsky transform λ = k + k −1 which is a bijection between the punctured unit disk 0 < |k| < 1 and the resolvent set
For λ ∈ C \ [−2, 2] and a bounded potential V , the Birman-Schwinger principle
can be easily justified by usual arguments. The following lemma resembles a one-sided version of the conventional Birman-Schwinger principle extended to possibly embedded eigenvalues. The strategy of the proof we provide below is inspired by the ones of analogous results in [15, 17, 25] ; see also [21] .
2 (Z) be fixed and ε > 0 be arbitrary. Then λ + iε ∈ C \ [−2, 2] and we have
The latter follows from the fact that the resolvent of the discrete Laplacian H 0 is a symmetric matrix. Since |V | 1/2 ϕ ∈ ℓ 2 (Z) and λ+iε / ∈ σ(H 0 ), it follows that Γ(ε) ∈ ℓ 2 (Z). In view of the equation H V f = λf and the summation by parts formula, we get
and employing the Cauchy-Schwarz inequality, we observe
In the remaining part of the proof, we show that ε M (ε) → 0 as ε → 0 + . To this end, first we notice that, for every m ∈ Z,
Hence, ε M (ε) decays at least as O(ε 1/2 ) for ε → 0 + .
Proofs

3.1.
Proof of Theorem 1. We distinguish two cases.
Case λ / ∈ [−2, 2]. Let k ∈ C be such that 0 < |k| < 1 and λ = k + k −1 . It follows readily from (2.2) that
For υ ∈ ℓ 1 (Z), the Birman-Schwinger operator K(λ) is Hilbert-Schmidt (even trace class). In view of (3.1), we can estimate the Hilbert-Schmidt norm of K(λ) as follows
Therefore,
and the Birman-Schwinger principle (2.3) implies that λ cannot belong to the point spectrum of H V unless
Case λ ∈ (−2, 2). Let ε > 0 be arbitrary. Then λ + iε = k + k −1 for some k = k(ε) with 0 < |k| < 1. Since λ + iε / ∈ [−2, 2], we can apply (3.2) and deduce
On the other hand, if λ ∈ σ p (H V ) with an eigenvector f ∈ ℓ 2 (Z), then we can invoke Lemma 1 and apply (2.4) with ϕ = g = |V | 1/2 f . Taking the limit ε → 0 + , we thus obtain
However, it is not difficult to see that g = |V | 1/2 f = 0 (otherwise, λ would be an eigenvalue for H 0 , unless f = 0, which is impossible). Hence, we deduce from (3.5) that lim inf ε→0 + K(λ + iε) ≥ 1. Therefore, letting ε → 0 + in (3.4), we conclude
i.e. also embedded eigenvalues in the interval (−2, 2) must obey the estimate (3.3). This completes the proof.
Proof of Theorem 2.
Let k ∈ C be such that 0 < |k| < 1 and λ = k + k −1 . It follows readily from (2.2) that
Denoting by I the support of the sequence {υ n } n∈Z , i.e. I := {j ∈ Z | υ j = 0}, and applying the Schur test (see [4, Exer. 9, Chp. II], we can estimate the norm of the Birman-Schwinger operator as follows
where K m,n (λ) is the matrix element of the Birman-Schwinger operator defined in (2.1) and p n is an arbitrary positive weight. By choosing p n = |υ n |, we obtain
For the case p = ∞, we infer from (3.8) that
Now consider the case p ∈ (1, ∞). For every fixed m ∈ I, Hölder's inequality yields
and thus
In view of the estimates (3.9) and (3.11), the Birman-Schwinger principle (2.3) thus implies that λ = k + k −1 ∈ C \ [−2, 2] cannot belong to the spectrum of H V unless it holds that
Finally, noticing that also the interval [−2, 2] is always included in the set on the righthand side of (1.2), corresponding to the case when |k| = 1, the proof is completed.
Optimality of the eigenvalue bound for ℓ 1 -potentials
In this section, we demonstrate that the result (1.1) is sharp in the sense that to any non-real boundary point of the spectral enclosure, there exists an ℓ 1 -potential V so that this boundary point is an eigenvalue of H V . The real boundary points are either only two:
For this purpose, we consider the operator H V with the potential V determined by the sequence υ n := ωδ n,0 , ∀n ∈ Z, (4.1) where ω ∈ C is a coupling constant and δ m,n stands for the Kronecker delta. The eigenvalue equation H V ψ = λψ reads ψ n+1 + ωδ n,0 ψ n + ψ n−1 = λψ n , n ∈ Z.
It is convenient to write ω = k −1 − k for 0 < |k| ≤ 1. Such k exists unique inside the unit disk |k| < 1 if ω ∈ C \ [−2i, 2i], there are exactly two on the unit circle |k| = 1, k = ±i if ω ∈ (−2i, 2i), and k = ±i if ω = ∓2i. In any case, one readily verifies that the vector ψ n := k |n| , n ∈ Z fulfills the eigenvalue equation
If, in addition, ω ∈ C \ [−2i, 2i], then ψ ∈ ℓ 2 (Z) and hence
Obviously, |λ 2 ω + 4| = |ω| = q ℓ 1 (Z) and thus the eigenvalue λ ω is a boundary point of the spectral enclosure from (1.1). Moreover, let us remark that since
otherwise, for 0 < |k| < 1, the Birman-Schwinger principle (2.3) together with the fact that
where λ ω ∈ [−2, 2] if and only if ω ∈ [−2i, 2i], in which case λ ω / ∈ σ p (H V ). On the contrary, it is not difficult to see that to any non-real boundary point z of the spectral enclosure (1.1) for H V with Q := q ℓ 1 > 0, there exists k ∈ C with 0 < |k| < 1 and such that z = k + k −1 and k − k −1 = Q. Hence, if we put ω := k −1 − k, the previous analysis shows that z is an eigenvalue of H V with the potential V given by the sequence (4.1).
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Appendix: Plots of the spectral enclosures from Theorem 2
Here we provide several plots as an illustration of the spectral enclosures from Theorem 2. Denoting by Q := v ℓ p (Z) , the set in (1.2) is determined by two parameters Q ≥ 0 and q ≥ 1. Without going into details, we remark that the boundary curve Γ q,Q given by the equation for t > 0, respectively. 
